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We prove the existence of positive solutions of second-order nonlinear differ-
ence equations on a finite discrete segment with periodic boundary conditions.
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1. INTRODUCTION
Positive solutions of second-order nonlinear difference equations with
w xseparated boundary conditions are investigated in 16]18 . In this paper we
investigate a similar problem in the case of periodic boundary conditions
which is an important representative of nonseparated boundary conditions.
For fixed positive integer N, we consider the following boundary value
Ž .problem BVP ,
w xyD p n y 1 D y n y 1 q q n y n s f n , y n , n g 1, N ,Ž . Ž . Ž . Ž . Ž .Ž .
1.1Ž .
y 0 s y N , p 0 D y 0 s p N D y N , 1.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .
 Ž .4Nq1where y n is a desired solution. As usual, D denotes the forwardns0
difference operator defined by
D y n s y n q 1 y y n ,Ž . Ž . Ž .
w xand for two integers a F b, a, b denotes the discrete segment being the
 4set a, a q 1, . . . , b . We will assume that
Ž . Ž . Ž . Ž .H1 p n ) 0, q n G 0, q n k 0.
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Ž .Boundary conditions 1.2 we call the periodic boundary conditions
Ž . Ž . Ž walthough we do not assume, in general, that p 0 s p N see 12, Chap. 7;
x.and 1, Sect. 4 .
In Section 2 we find the Green's function for equation,
w xyD p n y 1 D y n y 1 q q n y n s h n , n g 1, N 1.3Ž . Ž . Ž . Ž . Ž . Ž .
Ž .subject to the boundary conditions 1.2 , and we prove its positiveness. The
Green's function for the second-order differential equation with periodic
w xboundary conditions was investigated in 9, 10 .
In Sections 3 and 5 we prove the existence of a positive solution and
Ž . Ž .twin positive solutions to the BVP 1.1 and 1.2 , respectively. In Section 4
the periodic BVP that involves a parameter is considered. Proof of the
existence of positive solutions is based on an application of a fixed point
theorem for the completely continuous operators in cones and uses the
wproperties of the Green's function. This technique was used in 13, 8, 6, 7,
x16]18, 1]5, 11, 15 .
In Section 6 the results obtained in Sections 3 and 5 yield positive
Ž .  4periodic solutions to Eq. 1.1 considered for n g Z s 0, . 1, . 2, . . . ,
provided that the coefficients are periodic with period N. Similar problems
w xfor the differential equations are comprehensively discussed in 14 .
In Section 7 an example and a generalization are given.
wFinally, for easy reference we state here the fixed point theorem 13, p.
x148; 8, p. 94 which is employed in this paper.
THEOREM 1.1. Let B be a Banach space and let P ; B be a cone in B.
Assume V , V are open subsets of B with 0 g V , V ; V and let1 2 1 1 2
A: P l V _V “ PŽ .2 1
be a completely continuous operator such that, either
Ž . 5 5 5 5 5 5 5 5i Ax F x , x g P l › V , and Ax G x , x g P l › V ; or1 2
Ž . 5 5 5 5 5 5 5 5ii Ax G x , x g P l › V , and Ax F x , x g P l › V .1 2
Ž .Then A has at least one fixed point in P l V _V .2 1
2. GREEN'S FUNCTION AND ITS POSITIVENESS
Ž .Consider the linear nonhomogeneous equation 1.3 with boundary
Ž .  Ž .4Nq1  Ž .4Nq1conditions 1.2 . Denote by u n and ¤ n the solutions of thens0 ns0
corresponding homogeneous equation,
w xyD p n y 1 D y n y 1 q q n y n s 0, n g 1, N , 2.1Ž . Ž . Ž . Ž . Ž .
under the initial conditions,
u 0 s u 1 s 1; ¤ 0 s 0, p 0 ¤ 1 s 1. 2.2Ž . Ž . Ž . Ž . Ž . Ž .
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Let us set
D s u N q p N D¤ N y 2. 2.3Ž . Ž . Ž . Ž .
Ž .The condition H1 will be assumed throughout.
LEMMA 2.1. The inequality D ) 0 holds.
Ž . Ž .Proof. Using the initial conditions 2.2 , we can deduce from Eq. 2.1
Ž . Ž .for u n and ¤ n the following equations,
ny1 ny1 1
u n s 1 q q s u s , 2.4Ž . Ž . Ž . Ž .Ý Ý p kŽ .ss1 kss
ny1 ny1 ny11 1
¤ n s q q s ¤ s , 2.5Ž . Ž . Ž . Ž .Ý Ý Ýp k p kŽ . Ž .ks0 ss1 kss
n
p n D¤ n s 1 q q s ¤ s . 2.6Ž . Ž . Ž . Ž . Ž .Ý
ss1
Ž . Ž . Ž .From 2.4 ] 2.6 , by the condition H1 , it follows that
1
w xu n G 1, ¤ n G , n g 1, N q 1 , 2.7Ž . Ž . Ž .
p 0Ž .
p N D¤ N ) 1. 2.8Ž . Ž . Ž .
Ž . Ž . Ž .Now from 2.3 , by 2.7 and 2.8 , we get D ) 0.
 Ž .4Nq1 Ž . Ž .THEOREM 2.1. For the solution y n of the BVP 1.3 and 1.2 thens0
formula,
N
w xy n s G n , s h s , n g 0, N q 1 2.9Ž . Ž . Ž . Ž .Ý
ss1
holds, where
¤ N p N Du NŽ . Ž . Ž .
G n , s s u n u s y ¤ n ¤ sŽ . Ž . Ž . Ž . Ž .
D D
¡p N D¤ N y 1 u N y 1Ž . Ž . Ž .
u n ¤ s y u s ¤ n ,Ž . Ž . Ž . Ž .
D D
0 F s F n F N q 1,~q
p N D¤ N y 1 u N y 1Ž . Ž . Ž .
u s ¤ n y u n ¤ s ,Ž . Ž . Ž . Ž .
D D¢
0 F n F s F N q 1;
2.10Ž .
Ž .the number D is defined by 2.3 .
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Ž .Proof. It is easy to see that the general solution of Eq. 1.3 has the
form
n
y n s c u n q c ¤ n q u s ¤ n y u n ¤ s h s ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý1 2
ss1
where c and c are arbitrary constants. Substituting this expression for1 2
Ž . Ž .y n in the boundary conditions 1.2 we can evaluate c and c . After not1 2
Ž . Ž .very complicated calculations we can get 2.9 and 2.10 .
Ž . Ž .The function G n, s is called the Green's function of the BVP 1.3 and
Ž .1.2 .
Ž . Ž .THEOREM 2.2. Under the condition H1 the Green's function G n, s of
Ž . Ž .the BVP 1.3 and 1.2 possesses the following property,
w xG n , s ) 0, for n , s g 0, N . 2.11Ž . Ž .
Ž . Ž . Ž .Proof. Because G n, s s G s, n , it is enough to prove that G n, s ) 0
w xfor n g 0, N and 0 F s F n. Setting
E n , s s u s ¤ n y u n ¤ s ,Ž . Ž . Ž . Ž . Ž .
F n , s s E N , n u s q p N E N q 1, n y E N , n ¤ s ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .
we have, for s F n,
1
G n , s s E n , s q F n , s . 2.12Ž . Ž . Ž . Ž .
D
Let us now show that
w xE n , n s 0, for n g 0, N q 1 ; F N , 0 s 0, 2.13Ž . Ž . Ž .
w xE n , s ) 0, for n g 1, N q 1 , 0 F s F n y 1, 2.14Ž . Ž .
w xF n , s ) 0, for n g 0, N , 0 F s F n and n , s / N , 0 . 2.15Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .Evidently 2.13 holds. To prove 2.14 , we set E s s E n, s for fixed
w x w xn g 1, N q 1 and all s g 0, n . Then
w xD p s y 1 D E s y 1 s q s E s , s g 1, n y 1 ,Ž . Ž . Ž . Ž .
2.16Ž .
E n s 0, p n y 1 E n y 1 s 1.Ž . Ž . Ž .
w xHence it follows that, for all s g 0, n y 1 ,
ny1 ny1 ty11 1
E s s q q t E t . 2.17Ž . Ž . Ž . Ž .Ý Ý Ýp k p kŽ . Ž .kss tssq1 kss
ATICI AND GUSEINOV170
Ž . Ž . Ž . Ž .Using 2.16 and H1 , we get from 2.17 step by step that E s ) 0 for all
w xs g 0, n y 1 .
Ž . Ž . Ž . w xTo prove 2.15 , we set F n s F n, s for fixed s g 0, N and all
w xn g s, N q 1 . Then
w xD p n y 1 D F n y 1 s q n F n , n g s q 1, N ,Ž . Ž . Ž . Ž .
F N s ¤ s , p N F N q 1 s p N ¤ s y u s .Ž . Ž . Ž . Ž . Ž . Ž . Ž .
w xHence it follows that, for all n g s, N ,
Ny1 N ty11 1
F n s ¤ s q u s q q t F t . 2.18Ž . Ž . Ž . Ž . Ž . Ž .Ý Ý Ýp k p kŽ . Ž .ksn tsnq1 ksn
Ž . Ž . Ž . Ž . Ž .Using F N s ¤ s , 2.7 and H1 , we get from 2.18 step by step that
Ž . Ž . Ž .F n ) 0, if n, s / N, 0 .
Ž . Ž . Ž . Ž .Now 2.11 follows from 2.12 by Lemma 2.1 and 2.13 ] 2.15 .
3. EXISTENCE OF A POSITIVE SOLUTION
Ž . Ž . Ž . Ž .Consider the nonlinear BVP 1.1 and 1.2 , where p n and q n satisfy
Ž . Ž .the condition H1 . We assume that the function f n, j satisfies the
following condition.
Ž . w x Ž .H2 f : 1, N = R “ R is continuous with respect to j and f n, j
G 0 for j g Rq, where Rq denotes the set of nonnegative real numbers.
Ž . Ž .Having Eq. 1.1 denote by G n, s the Green's function of the problem
Ž . Ž . Ž .1.3 and 1.2 , by Theorem 2.2 the inequality 2.11 holds. Let us set
w xm s min G n , s , M s max G n , s , n , s g 1, N . 3.1Ž . Ž . Ž .
Consider N-dimensional Banach space,
<w xB s y : 0, N q 1 “ R y 0 s y N , p 0 D y 0 s p N D y N , 4Ž . Ž . Ž . Ž . Ž . Ž .
with the norm,
5 5 w xy s max y n , n g 1, N ,Ž .
and cones P and P in B given by0
< w xP s y g B y n G 0 for n g 1, N , 4Ž .
m
< 5 5P s y g P min y n G y .Ž .0 ngw1, N x½ 5M
Ž .Throughout this paper, m and M denote the numbers defined by 3.1 .
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Ž .Remark 3.1. From the boundary conditions we also have y 0 G 0 for
Ž .y g P, but y N q 1 , in general, need not be nonnegative. However, if
Ž . Ž . Ž .p 0 s p N , then we will also have y N q 1 G 0.
Ž . Ž .By Theorem 2.1 solving the BVP 1.1 and 1.2 is equivalent to solving
the following summation equation,
N
w xy n s G n , s f s, y s , n g 0, N q 1 , 3.2Ž . Ž . Ž . Ž .Ž .Ý
ss1
and consequently, it is equivalent to finding fixed points of operator A:
B “ B defined by
N
w xAy n s G n , s f s, y s , n g 0, N q 1 . 3.3Ž . Ž . Ž . Ž .Ž .Ý
ss1
Ž .Note that Ay satisfies the boundary condition 1.2 by the definition of the
Ž .Green's function G n, s .
Ž .An operator nonlinear, in general acting in a Banach space is said to
be completely continuous if it is continuous and maps bounded sets into
relatively compact sets.
LEMMA 3.1. A is a completely continuous operator.
Ž .Proof. From 3.3 we have
N
5 5Ay y Az F M f s, y s y f s, z s .Ž . Ž .Ž . ŽÝ
ss1
< Ž . Ž . < 5 5 w xBesides, y s y z s F y y z for all s g 1, N . Therefore, from the
Ž .continuity of the function f n, j in j , it follows that the operator A is
continuous.
Ž .Further, let Y ; B be a bounded set. We must show that A Y is a
Ž .relatively compact set in B, that is every infinite subset of A Y has a
limit point in B. Because B is finite dimensional, it is enough to show
Ž .that A Y is a bounded set in B.
5 5Because Y is bounded, y F C for all y g Y. Hence it follows that1
< Ž . < Ž .y n F C . On the other hand from the continuity of f n, j in j follows1
Ž . w xthe boundedness of f n, j for n g 1, N and j in bounded set in R.
< Ž Ž .. < w xTherefore, we have f n, y n F C for all n g 1, N and y g Y. Then2
Ž .from 3.3 we get, for all y g Y,
N
5 5Ay F M f s, y s F MC N ,Ž .Ž .Ý 2
ss1
Ž .that is A Y is a bounded set in B.
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LEMMA 3.2. Ay g P for all y g P. In particular, the operator A lea¤es0
Ž .the cone P in¤ariant, i.e., A P ; P .0 0 0
Ž . Ž . Ž . Ž .Proof. For all y g P, by 2.11 and H2 , we have from 3.3 , Ay n G 0
w xfor all n g 1, N ;
N Nm
min Ay n G m f s, y s G max G n , s f s, y sŽ . Ž . Ž . Ž .Ž . Ž .Ý Ý ½ 5Mw x w xng 1, N ng 1, Nss1 ss1
Nm m
5 5G max G n , s f s, y s s Ay .Ž . Ž .Ž .ÝM Mw xng 1, N ss1
Therefore, Ay g P .0
Ž .In the next theorem we also assume the following condition on f n, j .
Ž .H3 There exist numbers 0 - r - R - ‘ such that for all n g
w x1, N ,
1 M
f n , j F j , if 0 F j F r ; f n , j G j , if R F j - ‘.Ž . Ž . 2MN m N
Ž . Ž .THEOREM 3.1. Assume that conditions H1 ] H3 are satisfied. Then
Ž . Ž .  Ž .4Nq1the BVP 1.1 and 1.2 has at least one solution y s y n such thatns0
m M
w xr F y n F R , n g 1, N . 3.4Ž . Ž .
M m
5 5 Ž Ž . w x.Proof. For y g P with y s r hence 0 F y s F r for s g 1, N ,0
we have
N N1 1
5 5 5 5Ay n F M f s, y s F M y s F y N s y ,Ž . Ž . Ž .Ž .Ý ÝMN Nss1 ss1
w xn g 1, N . 3.5Ž .
 < 5 5 4 Ž .Now if we let V s y g B y - r , then 3.5 shows that1
5 5 5 5Ay F y , y g P l › V .0 1
Further, let
M
< 5 5R s R and V s y g B y - R . 41 2 1m
5 5Then y g P and y s R implies0 1
m m
5 5min y n G y s R s R ,Ž . 1M Mw xng 1, N
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Ž . w xhence y s G R for all s g 1, N . Therefore,
N N NM M m
5 5 5 5Ay n G m f s, y s G m y s G y s y ,Ž . Ž . Ž .Ž .Ý Ý Ý2 mN Mm Nss1 ss1 ss1
w xn g 1, N .
5 5 5 5Hence Ay G y for all y g P l › V .0 2
Consequently, by the first part of Theorem 1.1, it follows that A has a
Ž . 5 5fixed point y in P l V _V . We have r F y F R . Hence, because0 2 1 1
Ž . Ž .5 5 w x Ž .for y g P we have y n G mrM y , n g 1, N , it follows that 3.40
holds.
Ž . Ž .Remark 3.2. From 3.4 it follows that the solution y n has positivity
w xproperty on 1, N . From the boundary conditions we also get then
Ž . Ž . Ž . Ž .y 0 ) 0. If p 0 s p N , then we also get y N q 1 ) 0.
Remark 3.3. If
f n , j f n , jŽ . Ž .
lim s 0 and lim s ‘,
q j jj“‘j“0
w x Ž .for all n g 1, N , then the condition H3 will be satisfied for r ) 0
sufficiently small and R ) 0 sufficiently large.
Ž .In Theorem 3.2 we assume the following condition on f n, j .
Ž .H4 There exist numbers 0 - r - R - ‘ such that for all n g
w x1, N ,
M 1
f n , j G j , if 0 F j F r ; f n , j F j , if R F j - ‘.Ž . Ž .2 MNm N
Ž . Ž . Ž .THEOREM 3.2. Assume that conditions H1 , H2 , and H4 are satis-
Ž . Ž .  Ž .4Nq1fied. Then the BVP 1.1 and 1.2 has at least one solution y s y n ns0
such that
m M
w xr F y n F R , n g 1, N .Ž .
M m
The proof is analogous to that of Theorem 3.1 and uses the second part of
Theorem 1.1.
Remark 3.4. If
f n , j f n , jŽ . Ž .
lim s ‘ and lim s 0,
q j jj“‘j“0
w x Ž .for all n g 1, N , then the condition H4 will be satisfied for r ) 0
sufficiently small and R ) 0 sufficiently large.
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4. BOUNDARY VALUE PROBLEM WITH A PARAMETER
In this section we consider the following BVP with parameter l,
w xyD p n y 1 D y n y 1 q q n y n s l f n , y n , n g 1, N ,Ž . Ž . Ž . Ž . Ž .Ž .
4.1Ž .
y 0 s y N , p 0 D y 0 s p N D y N . 4.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž .In Theorem 4.1 we assume the following condition on f n, j .
Ž .H5 There exist numbers 0 - r - R - ‘ such that for all n g
w x1, N ,
f n , j F f n j , if 0 F j F r ; f n , j G f n j , if R F j - ‘,Ž . Ž . Ž . Ž .0 ‘
w xwhere f and f are nonnegative valued functions defined on 1, N .0 ‘
Ž . Ž . Ž .THEOREM 4.1. Assume that conditions H1 , H2 , and H5 are satis-
fied. Then for each l satisfying
M 1
F l F , 4.3Ž .2 N Nm Ý f s MÝ f sŽ . Ž .ss1 ‘ ss1 0
Ž . Ž .  Ž .4Nq1the BVP 4.1 and 4.2 has at least one solution y s y n such thatns0
m M
w xr F y n F R , n g 1, N . 4.4Ž . Ž .
M m
Ž . Ž .Proof. The BVP 4.1 and 4.2 is equivalent to the equation,
N
w xy n s l G n , s f s, y s , n g 1, N ,Ž . Ž . Ž .Ž .Ý
ss1
Ž . Ž . Ž .where G n, s is the Green's function of the BVP 1.3 and 4.2 . Let B be
the Banach space and let P be the cone in B, which are defined in0
Section 3. Define an operator A: B “ B by
N
w xAy n s l G n , s f s, y s , n g 1, N . 4.5Ž . Ž . Ž . Ž .Ž .Ý
ss1
Ž . Ž .Then the BVP 4.1 and 4.2 is equivalent to finding fixed points of A in
B.
A is completely continuous and leaves the cone P invariant for l G 0.0
Ž . 5 5 Ž Ž .Let l satisfy 4.3 . Then for y g P with y s r hence 0 F y s F r for0
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w x.s g 1, N , we have
N N
Ay n F lM f s, y s F lM f s y sŽ . Ž . Ž . Ž .Ž .Ý Ý 0
ss1 ss1
N
5 5 5 5 w xF lM y f s F y , n g 1, N .Ž .Ý 0
ss1
 < 5 5 4Therefore, if we set V s y g B y - r , then1
5 5 5 5Ay F y , for y g P l › V .0 1
Ž .  < 5 5 4Further, let R s Mrm R and V s y g B y - R . Then for y g P1 2 1 0
5 5with y s R we have1
m m
5 5min y n G y s R s R ,Ž . 1M Mw xng 1, N
Ž . w xhence y s G R for all s g 1, N . Therefore,
N N
Ay n G lm f s, y s G lm f s y sŽ . Ž . Ž . Ž .Ž .Ý Ý ‘
ss1 ss1
Nm
5 5 5 5G lm y f s G y .Ž .Ý ‘M ss1
5 5 5 5Hence Ay G y for y g P l › V .0 2
Consequently, by the first part of Theorem 1.1, it follows that A has a
Ž . 5 5fixed point y g P l V _V . We have r F y F R . Because for y g0 2 1 1
Ž . Ž .5 5 w x Ž .P we have y n G mrM y , y g 1, N , hence follows 4.4 .0
Ž . Ž .COROLLARY 4.1. Assume that conditions H1 and H2 are satisfied. If
the limits,
f n , j f n , jŽ . Ž .
lim s f n and lim s f n 4.6Ž . Ž . Ž .0 ‘q j jj“‘j“0
w xexist for all n g 1, N , then, for each l satisfying
M 1
- l - , 4.7Ž .2 N Nm Ý f s MÝ f sŽ . Ž .ss1 ‘ ss1 0
Ž . Ž .  Ž .4Nq1the BVP 4.1 and 4.2 has at least one solution y s y n such thatns0
Ž . w xy n ) 0 for n g 0, N .
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Ž .Proof. Let l satisfy 4.7 . Choose e ) 0 such that
M 1
F l F ,2 N Nm Ý f s y d s MÝ f s q eŽ . Ž . Ž .ss1 ‘ ss1 0
Ž .  Ž .4 Ž .where d n s min e , f n . For this e , by 4.6 we can find 0 - r - R - ‘‘
w xsuch that for all n g 1, N ,
f n , j F f n q e j , if 0 F j F r ;Ž . Ž .0
f n , j G f n y d n j , if R F j - ‘.Ž . Ž . Ž .‘
Ž .Therefore, we can apply Theorem 4.1 to yield a solution y of the BVP 4.1
Ž . Ž .and 4.2 possessing property 4.4 .
Remark 4.1. Theorem 4.1 and Corollary 4.1 yield a result only if the
Ž . Ž .intervals defined by 4.3 and 4.7 are nonempty, respectively.
Ž .In the next theorem we assume the following condition on f n, j .
Ž .H6 There exist numbers 0 - r - R - ‘ such that for all n g
w x1, N ,
f n , j G f n j , if 0 F j F r ; f n , j F f n j , if R F j - ‘,Ž . Ž . Ž . Ž .0 ‘
w xwhere f and f are nonnegative valued functions defined on 1, N .0 ‘
Ž . Ž . Ž .THEOREM 4.2. Assume that conditions H1 , H2 , and H6 are satis-
fied. Then, for each l satisfying
M 1
F l F ,2 N Nm Ý f s MÝ f sŽ . Ž .ss1 0 ss1 ‘
Ž . Ž .  Ž .4Nq1the BVP 4.1 and 4.2 has at least one solution y s y n such thatns0
m M
w xr F y n F R , n g 1, N .Ž .
M m
The proof is analogous to that of Theorem 4.1 and uses that second part
of Theorem 1.1.
Ž . Ž .COROLLARY 4.2. Assume that conditions H1 and H2 are satisfied. If
Ž . w xthe limits 4.6 exist for all n g 1, N , then for each l satisfying
M 1
- l - ,2 N Nm Ý f s MÝ f sŽ . Ž .ss1 0 ss1 ‘
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Ž . Ž .  Ž .4Nq1the BVP 4.1 and 4.2 has at least one solution y s y n such thatns0
Ž . w xy n ) 0 for all n g 0, N .
5. EXISTENCE OF TWIN POSITIVE SOLUTIONS
Ž .In the next theorem we assume the following condition on f n, j .
Ž .H7 There exist numbers 0 - r - p - R - ‘ such that for all n g
w x1, N ,
M
f n , j G j , if 0 F j F r and R F j - ‘;Ž . 2m N
1 m
f n , j - p , if p F j F p.Ž .
MN M
Ž . Ž . Ž .THEOREM 5.1. Assume that conditions H1 , H2 , and H7 are satis-
Ž . Ž .  Ž .4Nq1fied. Then the BVP 1.1 and 1.2 has at least two solutions y s y n1 1 ns0
 Ž .4Nq1 5 5 5 5and y s y n such that y - p - y and2 2 ns0 1 2
m m M
w xr F y n - p , p - y n F R , for all n g 1, N .Ž . Ž .1 2M M m
Proof. Let B be the Banach space and let P be the cone in B which0
Ž .is defined in Section 3. Let A be the operator defined by 3.3 .
5 5 Ž Ž . w x.For y g P with y s r hence 0 F y s F r for s g 1, N , we have0
N N NM M m
5 5 5 5Ay n G m f s, y s G m y s G y s y .Ž . Ž . Ž .Ž .Ý Ý Ý2 mN Mm Nss1 ss1 ss1
 < 5 5 4Thus we may let V s y g B y - r so that1
5 5 5 5Ay G y , for y g P l › V .0 1
5 5Further, for y g P with y s p, we have0
m




5 5Ay n F M f s, y s - M p s p s y .Ž . Ž .Ž .Ý Ý MNss1 ss1
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 < 5 5 4Hence, if we set V s y g B y - p , then2
5 5 5 5Ay - y , for y g P l › V . 5.1Ž .0 2
Consequently, by the second part of Theorem 1.1, it follows that A has a
Ž . 5 5 Ž .fixed point y in P l V _V . We have r F y F p. Because by 5.11 0 2 1 1
5 5 5 5Ay / y for y g P with y s p, hence r F y - p. For y g P we have0 1 0
Ž . Ž .5 5 w x Ž . Ž .y n G mrM y , n g 1, N . Therefore, mrM r F y n - p for all1
w xn g 1, N .
Let
M
< 5 5R s R and V s y g B y - R . 41 3 1m
5 5Then for y g P with y s R we have0 1
m m
5 5min y n G y s R s R ,Ž . 1M Mw xng 1, N
Ž . w xhence y s G R for all s g 1, N . Therefore,
N N NM M m
5 5 5 5Ay n G m f s, y s G m y s G y s y .Ž . Ž . Ž .Ž .Ý Ý Ý2 mN Mm Nss1 ss1 ss1
Hence,
5 5 5 5Ay G y , for y g P l › V .0 3
Consequently, by the first part of Theorem 1.1, it follows that A has a
Ž . 5 5fixed point y in P l V _V . We have p - y F R . Because for2 0 3 2 2 1
Ž . Ž .5 5 w xy g P we have y n G mrM y , n g 1, N , hence it follows that0
Ž . Ž . Ž . w xmrM p - y n F Mrm R for all n g 1, N .2
Remark 5.1. If
f n , j f n , jŽ . Ž .
lim s ‘ and lim s ‘,
q j jj“‘j“0
w x Ž .for all n g 1, N , then the first condition of H7 will be satisfied for
r ) 0 sufficiently small and for R ) 0 sufficiently large.
Ž .In Theorem 5.2 we assume the following condition on f n, j .
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Ž .H8 There exist numbers 0 - r - p - R - ‘ such that for all n g
w x1, N ,
1
f n , j F j , if 0 F j F r and R F j - ‘;Ž .
MN
1 m
f n , j ) p , if p F j F p.Ž .
MN M
Ž . Ž . Ž .THEOREM 5.2. Assume that conditions H1 , H2 , and H8 are satis-
Ž . Ž .  Ž .4Nq1fied. Then the BVP 1.1 and 1.2 has at least two solutions y s y n1 1 ns0
 Ž .4Nq1 5 5 5 5and y s y n such that y - p - y and2 2 ns0 1 2
m m M
w xr F y n - p , p - y n F R , for all n g 1, N .Ž . Ž .1 2M M m
The proof is analogous to that of Theorem 5.1 and is omitted.
Remark 5.2. If
f n , j f n , jŽ . Ž .
lim s 0 and lim s 0,
q j jj“‘j“0
w x Ž .for all n g 1, N , then the first condition of H8 will be satisfied for
r ) 0 sufficiently small and for R ) 0 sufficiently large.
6. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS
Ž .Consider Eq. 1.1 on the whole discrete axis,
yD p n y 1 D y n y 1 q q n y n s f n , y n , n g Z. 6.1Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .We assume that the coefficients of Eq. 6.1 are periodic, that is, for some
fixed positive integer N
Ž . Ž . Ž . Ž . Ž .H9 p n q N s p n , q n q N s q n , n g Z;
Ž . Ž . Ž .H10 f n q N, j s f n, j , n g Z, j g R.
ŽWe are interested in the existence of positive N-periodic i.e., periodic
. Ž .with period N solutions of Eq. 6.1 .
Ž . Ž . Ž .Together with Eq. 6.1 we consider the BVP 1.1 and 1.2 .
Ž . Ž .LEMMA 6.1. If conditions H9 and H10 hold, then e¤ery solution of the
Ž . Ž . w x Ž .BVP 1.1 and 1.2 extended from 0, N q 1 to Z as a solution of Eq. 6.1
is N-periodic.
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 Ž .4Nq1 Ž . Ž .Proof. Let y n be a solution of the BVP 1.1 and 1.2 , there-ns0
Ž . Ž . w x Ž .fore, y n satisfies Eq. 6.1 for n g 1, N . Because Eq. 6.1 is a recurrent
Ž . w xrelation, we can extend y n from 0, N q 1 to Z as a solution of this
Ž .equation. Denote the obtained extension by y n again. Now, note from
Ž . Ž . Ž .the periodicity of p n follows p 0 s p N , and, therefore, the boundary
Ž .condition 1.2 takes in this case the form,
y 0 s y N , y 1 s y N q 1 . 6.2Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .By H9 and H10 together with y n , the y n q N is also a solution of
Ž . Ž . Ž .Eq. 6.1 . Besides y n and y n q N coincide for n s 0 and n s 1, by
Ž . Ž . Ž .6.2 . Then, by the uniqueness property of solution we get y n s y n q N
Ž . Ž .for all n g Z, that is, y n is an N-periodic solution of Eq. 6.1 .
By Lemma 6.1, Theorems 3.1 and 3.2 yield the following results, respec-
tively.
Ž . Ž . Ž . Ž .THEOREM 6.1. Assume H1 ] H3 , H9 , and H10 hold. Then Eq.
Ž . Ž .6.1 has at least one N-periodic solution y n such that
m M
r F y n F R , for all n g Z. 6.3Ž . Ž .
M m
Ž . Ž . Ž . Ž . Ž .THEOREM 6.2. Assume H1 , H2 , H4 , H9 , and H10 hold. Then
Ž . Ž . Ž .Eq. 6.1 has at least one N-periodic solution y n with property 6.3 .
In a similar way Theorems 4.1 and 4.2 yield corresponding results for
Ž .Eq. 6.1 . We formulate the results which follow from Theorem 5.1 and 5.2,
respectively.
Ž . Ž . Ž . Ž . Ž .THEOREM 6.3. Assume H1 , H2 , H7 , H9 , and H10 hold. Then
Ž . Ž . Ž .Eq. 6.1 has at least two N-periodic solutions y n and y n such that1 2
5 5 5 5y - p - y and1 2
m m M
r F y n - p , p - y n F R , for all n g Z. 6.4Ž . Ž . Ž .1 2M M m
Ž . Ž . Ž . Ž . Ž .THEOREM 6.4. Assume H1 , H2 , H8 , H9 , and H10 hold. Then
Ž . Ž . Ž .Eq. 6.1 has at least two N-periodic solutions y n and y n such that1 2
5 5 5 5 Ž .y - p - y and 6.4 holds.1 2
7. CONCLUDING REMARKS
Ž . Ž .1. In the case of p n ’ 1, q n ’ a ) 0 the Green's function
Ž . Ž . Ž .G n, s of the BVP 1.3 and 1.2 has the form,
1 nys synqNb q b , 0 F s F n F N q 1,
G n , s sŽ . y1 N syn nysqN½b y b b y 1 b q b , 0 F n F s F N q 1,Ž . Ž .
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1 w x Ž .'where b s a q 2 q a a q 2 . Hence for m s min G n, s and MŽ .2
Ž .s max G n, s we have
2b Nr2 1 q b N
m G , M s .y1 N y1 Nb y b b y 1 b y b b y 1Ž . Ž . Ž . Ž .
If N is even, then for m the equality holds.
Ž . Ž .2. Instead of the BVP 1.1 and 1.2 we can consider the following
more general BVP,
yD p n y 1 D y n y 1 q q n y nŽ . Ž . Ž . Ž .
w xs f n , y n y 1 , y n , y n q 1 , n g 1, N , 7.1Ž . Ž . Ž . Ž .Ž .
y 0 s y N , p 0 D y 0 s p N D y N . 7.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž .If the function f n, t , j , h is continuous with respect to t , j , h and
Ž .satisfies with respect to j the same conditions as f n, j in the case of the
Ž . Ž .BVP 1.1 and 1.2 , then all the contents of Sections 3]5 can be repeated
Ž . Ž .for the BVP 7.1 and 7.2 . The following additional circumstances must
be taken into account.
Ž .a In the proof of Lemma 3.1, because for each x g B the equali-
ties,
p 0 p N y p 0Ž . Ž . Ž .
x 0 s x N , x N q 1 s x 1 q x NŽ . Ž . Ž . Ž . Ž .
p N p NŽ . Ž .
w xhold in view of the boundary conditions, we have for all s g 1, N ,
5 5 5 5y s y 1 y z s y 1 F y y z , y s y z s F y y z ,Ž . Ž . Ž . Ž .
5 5y s q 1 y z s q 1 F C y y z ,Ž . Ž . 3
where the constant C does not depend on y and z.3
Ž . Ž . Ž .b In the proof of Lemma 6.1, Eq. 7.1 , in contrast to Eq. 6.1 , is
not, in general, a recurrent relation. Therefore, we cannot directly extend
Ž . Ž . w xa solution y n of Eq. 7.1 from 0, N q 1 to Z as a solution of this
equation. Because of this we point out another proof of Lemma 6.1. We
Ž . Ž . w xextend a solution y n of Eq. 7.1 from 0, N q 1 to Z as an N-periodic
function. Then it is not difficult to show that the thus obtained function
Ž . Ž . Ž . Ž .y n is, in virtue of H9 and H10 , a solution of Eq. 7.1 considered on
the whole discrete axis Z.
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